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Abstract
Mathieu ordinary differential equation is of Fuchsian types with the two regular and one irreg-
ular singularities. In contrast, Heun equation of Fuchsian types has the four regular singularities.
Heun equation has the four kind of confluent forms: (1) Confluent Heun (two regular and one
irregular singularities), (2) Doubly confluent Heun (two irregular singularities), (3) Biconfluent
Heun (one regular and one irregular singularities), (4) Triconfluent Heun equations (one irregular
singularity). For DLFM version [21], Mathieu equation in algebraic forms is also derived from
the Confluent Heun equation by changing all coefficients δ = γ = 12 , ǫ = 0, α = q and q =
λ+2q
4 .
In this paper I apply three term recurrence formula [23] to the power series expansion in
closed forms of Mathieu equation for infinite series and its integral forms including all higher
terms of An’s. One interesting observation resulting from the calculations is the fact that a modi-
fied Bessel function recurs in each of sub-integral forms: the first sub-integral form contains zero
term of A′ns, the second one contains one term of An’s, the third one contains two terms of An’s,
etc. Section 5 contains two additional examples of Mathieu function.
This paper is 5th out of 10 in series “Special functions and three term recurrence formula
(3TRF)”. See section 6 for all the papers in the series. Previous paper in series deals with asymp-
totic behavior of Heun function and its integral formalism [25]. The next paper in the series
describes the power series expansion in closed forms of Lame equation in the algebraic form and
its integral forms [27].
Keywords: Mathieu equation, Integral form, Three term recurrence formula, Modified Bessel
function
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1. Introduction
One example of three therm recursion relations is the Mathieu equation, introduced by ´Emile
Le´onard Mathieu (1868)[12], while investigating the vibrating elliptical drumhead. Mathieu
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equation, known for the elliptic cylinder equation, appears in diverse areas such as astronomy and
physical problems involving Schro¨dinger equation for a periodic potentials [19], the parametric
Resonance in the reheating process of universe [20], and wave equations in general relativity[16],
etc. Mathieu function has been used in various areas in modern physics and mathematics. [1, 2,
3, 4, 5, 6, 7, 8, 9]
Unfortunately, even though Mathieu equation has been observed in various areas mentioned
above, there are no power series expansion in closed forms and its integral formalism in analyt-
ically. The Mathieu function has only been described in numerical approximations (Whittaker
1914[14], Frenkel and Portugal 2001[11]). Sips 1949[13], Frenkel and Portugal 2001[11] argued
that it is not possible to represent analytically the Mathieu function in a simple and handy way.
I construct the power series expansion of Mathieu equation in closed forms and its integral
representation analytically using three-term recurrence formula (3TRF)[23] and the same method
I used in analyzing Heun function.[24, 25]
Mathieu equation is witten by
d2y
dz2
+ (λ − 2q cos2z) y = 0 (1)
where λ and q are parameters. This is an equation with periodic-function coefficient. Mathieu
equation also can be described in algebraic forms putting x = cos2z:
4x(1 − x) d
2y
dx2
+ 2(1 − 2x) dydx + (λ + 2q − 4qx)y = 0 (2)
This equation has two regular singularities: x = 0 and x = 1; the other singularity x = ∞ is
irregular. Assume that its solution is
y(x) =
∞∑
n=0
cnx
n+ν (3)
where ν is an indicial root. Plug (3) into (2).
cn+1 = An cn + Bn cn−1 ; n ≥ 1 (4)
where,
An =
4(n + ν)2 − (λ + 2q)
2(n + 1 + ν)(2(n + ν) + 1) (5a)
Bn =
4q
2(n + 1 + ν)(2(n + ν) + 1) (5b)
c1 = A0 c0 (5c)
We have two indicial roots which are ν = 0 and 12 . As we see (5b), there is no way to make
Bn term terminated at certain value of index n. Because the numerator of (5b) is just consist of
constant q parameter. So there are only two kind of power series expansions which are infinite
series and polynomial which makes An term terminated. In this paper I construct an analytic
solution of Mathieu equation for infinite series. And in the future I will construct its analytic
solution for polynomial which makes An term terminated.1
1Its local solutions are available in chapter 7 of Ref.[32]
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2. Power series expansion for infinite series
In Ref.[23] the general expression of power series of y(x) for infinite series is defined by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0
{ ∞∑
i0=0

i0−1∏
i1=0
B2i1+1
 x2i0+λ +
∞∑
i0=0
A2i0
i0−1∏
i1=0
B2i1+1
∞∑
i2=i0

i2−1∏
i3=i0
B2i3+2

 x2i2+1+λ
+
∞∑
N=2
{ ∞∑
i0=0
{
A2i0
i0−1∏
i1=0
B2i1+1
N−1∏
k=1
( ∞∑
i2k=i2(k−1)
A2i2k+k
i2k−1∏
i2k+1=i2(k−1)
B2i2k+1+(k+1)
)
×
∞∑
i2N=i2(N−1)
( i2N−1∏
i2N+1=i2(N−1)
B2i2N+1+(N+1)
)}}
x2i2N+N+λ
}
(6)
Substitute (5a)-(5c) into (6). In this article Pochhammer symbol (x)n is used to represent the
rising factorial: (x)n = Γ(x+n)Γ(x) . The general expression of power series of Mathieu equation for
infinite series is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
ν

∞∑
i0=0
1
(1 + ν2 )i0 ( 34 + ν2 )i0
ηi0 +

∞∑
i0=0
(i0 + ν2 )2 − 142 (λ + 2q)
(i0 + 12 + ν2 )(i0 + 14 + ν2 )
1
(1 + ν2 )i0 ( 34 + ν2 )i0
×
∞∑
i1=i0
( 32 + ν2 )i0 ( 54 + ν2 )i0
( 32 + ν2 )i1 ( 54 + ν2 )i1
ηi1
 x +
∞∑
n=2

∞∑
i0=0
(i0 + ν2 )2 − 142 (λ + 2q)
(i0 + 12 + ν2 )(i0 + 14 + ν2 )
1
(1 + ν2 )i0 ( 34 + ν2 )i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik + k2 + ν2 )2 − 142 (λ + 2q)
(ik + k2 + 12 + ν2 )(ik + k2 + 14 + ν2 )
(1 + k2 + ν2 )ik−1 ( 34 + k2 + ν2 )ik−1
(1 + k2 + ν2 )ik ( 34 + k2 + ν2 )ik

×
∞∑
in=in−1
(1 + n2 + ν2 )in−1 ( 34 + n2 + ν2 )in−1
(1 + n2 + ν2 )in( 34 + n2 + ν2 )in
ηin
 xn
 where η =
1
4
qx2 (7)
Put c0= 1 as ν = 0 for the first independent solution of Mathieu equation and ν = 12 for the second
one in (7).
Remark 1. The power series expansion of Mathieu equation of the first kind for infinite series
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about x = 0 using 3TRF is given by
y(x) = MF
(
q, λ; η =
1
4
qx2, x = cos2z
)
=
∞∑
i0=0
1
(1)i0( 34 )i0
ηi0 +

∞∑
i0=0
i20 − 142 (λ + 2q)
(i0 + 12 )(i0 + 14 )
1
(1)i0( 34 )i0
∞∑
i1=i0
( 32 )i0( 54 )i0
( 32 )i1( 54 )i1
ηi1
 x
+
∞∑
n=2

∞∑
i0=0
i20 − 142 (λ + 2q)
(i0 + 12 )(i0 + 14 )
1
(1)i0( 34 )i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik + k2 )2 − 142 (λ + 2q)
(ik + k2 + 12 )(ik + k2 + 14 )
(1 + k2 )ik−1 ( 34 + k2 )ik−1
(1 + k2 )ik ( 34 + k2 )ik

×
∞∑
in=in−1
(1 + n2 )in−1 ( 34 + n2 )in−1
(1 + n2 )in ( 34 + n2 )in
ηin
 xn (8)
Remark 2. The power series expansion of Mathieu equation of the second kind for infinite series
about x = 0 using 3TRF is given by
y(x) = MS
(
q, λ; η =
1
4
qx2, x = cos2z
)
= x
1
2

∞∑
i0=0
1
( 54 )i0(1)i0
ηi0 +

∞∑
i0=0
(i0 + 14 )2 − 142 (λ + 2q)
(i0 + 34 )(i0 + 12 )
1
( 54 )i0(1)i0
∞∑
i1=i0
( 74 )i0 ( 32 )i0
( 74 )i1 ( 32 )i1
ηi1
 x
+
∞∑
n=2

∞∑
i0=0
(i0 + 14 )2 − 142 (λ + 2q)
(i0 + 34 )(i0 + 12 )
1
( 54 )i0 (1)i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik + 14 + k2 )2 − 142 (λ + 2q)
(ik + 34 + k2 )(ik + 12 + k2 )
( 54 + k2 )ik−1 (1 + k2 )ik−1
( 54 + k2 )ik (1 + k2 )ik

×
∞∑
in=in−1
( 54 + n2 )in−1 (1 + n2 )in−1
( 54 + n2 )in (1 + n2 )in
ηin
 xn
 (9)
3. Integral formalism for infinite series
There is a generalized hypergeometric function which is written by
G j =
∞∑
i j=i j−1
(1 + j2 + ν2 )i j−1 ( 34 + j2 + ν2 )i j−1
(1 + j2 + ν2 )i j ( 34 + j2 + ν2 )i j
ηi j
= ηi j−1
∞∑
l=0
1
(i j−1 + 34 + j2 + ν2 )l (i j−1 + 1 + j2 + ν2 )l
ηl
= ηi j−1
∞∑
l=0
B(i j−1 − 14 + j2 + ν2 , l + 1)B(i j−1 + j2 + ν2 , l + 1)
(i j−1 − 14 + j2 + ν2 )−1(i j−1 + j2 + ν2 )−1(1)l l!
ηl (10)
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By using integral form of beta function,
B
(
i j−1 −
1
4
+
j
2
+
ν
2
, l + 1
)
=
∫ 1
0
dt j t
i j−1− 54+
j
2+
ν
2
j (1 − t j)l (11a)
B
(
i j−1 +
j
2
+
ν
2
, l + 1
)
=
∫ 1
0
du j u
i j−1−1+ j2+ ν2
j (1 − u j)l (11b)
Substitute (11a) and (11b) into (10). And divide (i j−1 − 14 + j2 + ν2 )(i j−1 + j2 + ν2 ) into the new (10).
K j =
1
(i j−1 − 14 + j2 + ν2 )(i j−1 + j2 + ν2 )
∞∑
i j=i j−1
(1 + j2 + ν2 )i j−1 ( 34 + j2 + ν2 )i j−1
(1 + j2 + ν2 )i j ( 34 + j2 + ν2 )i j
ηi j
=
∫ 1
0
dt j t
− 54+
j
2+
ν
2
j
∫ 1
0
du j u
−1+ j2+ ν2
j (ηt ju j)i j−1
∞∑
l=0
1
(1)l l! [η(1 − t j)(1 − u j)]
l (12)
The modified Bessel function is defined by
Iα(x) =
∞∑
l=0
1
l! (l + α)!
(
x
2
)2l+α
=
(
x
2
)α
Γ( 12 )Γ(α + 12 )
∫ 1
−1
dv j (1 − v2j)α−
1
2 e−xv j (13)
replaced α and x by 0 and 2
√
η(1 − t j)(1 − u j) in (13).
I0
(
2
√
η(1 − t j)(1 − u j)
)
=
∞∑
l=0
1
l! (1)l [η(1 − t j)(1 − u j)]
l
=
1
π
∫ 1
−1
dv j (1 − v2j)−
1
2 exp
(
−2
√
η(1 − t j)(1 − u j) v j
)
(14)
Substitute (14) into (12).
K j =
1
(i j−1 − 14 + j2 + ν2 )(i j−1 + j2 + ν2 )
∞∑
i j=i j−1
(1 + j2 + ν2 )i j−1 ( 34 + j2 + ν2 )i j−1
(1 + j2 + ν2 )i j ( 34 + j2 + ν2 )i j
ηi j
=
∫ 1
0
dt j t
− 54+
j
2+
ν
2
j
∫ 1
0
du j u
−1+ j2+ ν2
j I0
(
2
√
η(1 − t j)(1 − u j)
)
(ηt ju j)i j−1 (15)
Substitute (15) into (7); apply K1 into the second summation of sub-power series y1(x), apply
K2 into the third summation and K1 into the second summation of sub-power series y2(x), apply
K3 into the forth summation, K2 into the third summation and K1 into the second summation of
sub-power series y3(x), etc.2
2y1(x) means the sub-power series in (7) contains one term of A′ns, y2(x) means the sub-power series in (7) contains
two terms of A′ns, y3(x) means the sub-power series in (7) contains three terms of A′ns, etc.
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Theorem 1. The general expression of the integral representation of Mathieu equation for infi-
nite series is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
ν

∞∑
i0=0
1
(1 + ν2 )i0 ( 34 + ν2 )i0
ηi0
+
∞∑
n=1

n−1∏
k=0
{∫ 1
0
dtn−k t
− 54+ 12 (n−k+ν)
n−k
∫ 1
0
dun−k u
−1+ 12 (n−k+ν)
n−k
×I0
(
2
√
wn+1−k,n(1 − tn−k)(1 − un−k)
)
×
(
w
− 12 (n−1−k+ν)
n−k,n
(
wn−k,n∂wn−k,n
)2
w
1
2 (n−1−k+ν)
n−k,n −
1
42
(λ + 2q)
)}
×
∞∑
i0=0
1
(1 + ν2 )i0( 34 + ν2 )i0
w
i0
1,n
 xn
 (16)
where
wa,b =

η
b∏
l=a
tlul where a ≤ b
η only if a > b
(17)
Proof of Theorem. In (7) sub-power series y0(x), y1(x), y2(x) and y3(x) of Mathieu equation for
infinite series are given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · · (18)
where
y0(x) = c0xν
∞∑
i0=0
1
(1 + ν2 )i0 ( 34 + ν2 )i0
ηi0 (19a)
y1(x) = c0 xν
{ ∞∑
i0=0
(i0 + ν2 )2 − 142 (λ + 2q)
(i0 + 12 + ν2 )(i0 + 14 + ν2 )
1
(1 + ν2 )i0( 34 + ν2 )i0
×
∞∑
i1=i0
( 32 + ν2 )i0 ( 54 + ν2 )i0
( 32 + ν2 )i1 ( 54 + ν2 )i1
ηi1
}
x (19b)
y2(x) = c0 xν
{ ∞∑
i0=0
(i0 + ν2 )2 − 142 (λ + 2q)
(i0 + 12 + ν2 )(i0 + 14 + ν2 )
1
(1 + ν2 )i0( 34 + ν2 )i0
×
∞∑
i1=i0
(i1 + 12 + ν2 )2 − 142 (λ + 2q)
(i1 + 1 + ν2 )(i1 + 34 + ν2 )
( 32 + ν2 )i0 ( 54 + ν2 )i0
( 32 + ν2 )i1 ( 54 + ν2 )i1
×
∞∑
i2=i1
(2 + ν2 )i1 ( 74 + ν2 )i1
(2 + ν2 )i2 ( 74 + ν2 )i2
ηi2
}
x2 (19c)
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y3(x) = c0 xν
{ ∞∑
i0=0
(i0 + ν2 )2 − 142 (λ + 2q)
(i0 + 12 + ν2 )(i0 + 14 + ν2 )
1
(1 + ν2 )i0( 34 + ν2 )i0
×
∞∑
i1=i0
(i1 + 12 + ν2 )2 − 142 (λ + 2q)
(i1 + 1 + ν2 )(i1 + 34 + ν2 )
( 32 + ν2 )i0 ( 54 + ν2 )i0
( 32 + ν2 )i1 ( 54 + ν2 )i1
×
∞∑
i2=i1
(i2 + 1 + ν2 )2 − 142 (λ + 2q)
(i2 + 32 + ν2 )(i2 + 54 + ν2 )
(2 + ν2 )i1 ( 74 + ν2 )i1
(2 + ν2 )i2 ( 74 + ν2 )i2
×
∞∑
i3=i2
( 52 + ν2 )i2 ( 94 + ν2 )i2
( 52 + ν2 )i3 ( 94 + ν2 )i3
ηi3
}
x3 (19d)
Put j = 1 in (15). Take the new (15) into (19b).
y1(x) = c0xν
∫ 1
0
dt1 t
− 34+ ν2
1
∫ 1
0
du1 u
− 12+ ν2
1 I0
(
2
√
η(1 − t1)(1 − u1)
)
×
{ ∞∑
i0=0
((
i0 +
ν
2
)2
− 1
42
(λ + 2q)
)
1
(1 + ν2 )i0 ( 34 + ν2 )i0
(ηt1u1)i0
}
x
= c0x
ν
∫ 1
0
dt1 t
− 34+ ν2
1
∫ 1
0
du1 u
− 12+ ν2
1 I0
(
2
√
η(1 − t1)(1 − u1)
)
×
(
w
− ν2
1,1
(
w1,1∂w1,1
)2
w
ν
2
1,1 −
1
42
(λ + 2q)
) { ∞∑
i0=0
1
(1 + ν2 )i0 ( 34 + ν2 )i0
w
i0
1,1
}
x (20)
where w1,1 = η
1∏
l=1
tlul
Put j = 2 in (15). Take the new (15) into (19c).
y2(x) = c0xν
∫ 1
0
dt2 t
− 14+ ν2
2
∫ 1
0
du2 u
ν
2
2 I0
(
2
√
η(1 − t2)(1 − u2)
)
×
(
w
−( 12+ ν2 )
2,2
(
w2,2∂w2,2
)2
w
1
2+
ν
2
2,2 −
1
42
(λ + 2q)
)
×
{ ∞∑
i0=0
(i0 + ν2 )2 − 142 (λ + 2q)
(i0 + 12 + ν2 )(i0 + 14 + ν2 )
1
(1 + ν2 )i0 ( 34 + ν2 )i0
×
∞∑
i1=i0
( 32 + ν2 )i0( 54 + ν2 )i0
( 32 + ν2 )i1( 54 + ν2 )i1
wi12,2
}
x2 (21)
where w2,2 = η
2∏
l=2
tlul
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Put j = 1 and η = w2,2 in (15). Take the new (15) into (21).
y2(x) = c0xν
∫ 1
0
dt2 t
− 14+ ν2
2
∫ 1
0
du2 u
ν
2
2 I0
(
2
√
η(1 − t2)(1 − u2)
)
×
(
w
−( 12+ ν2 )
2,2
(
w2,2∂w2,2
)2
w
1
2+
ν
2
2,2 −
1
42
(λ + 2q)
)
×
∫ 1
0
dt1 t
− 34+ ν2
1
∫ 1
0
du1 u
− 12+ ν2
1 I0
(
2
√
w2,2(1 − t1)(1 − u1)
)
×
(
w
− ν2
1,2
(
w1,2∂w1,2
)2
w
ν
2
1,2 −
1
42
(λ + 2q)
)
×
{ ∞∑
i0=0
1
(1 + ν2 )i0 ( 34 + ν2 )i0
wi01,2
}
x2 (22)
where w1,2 = η
2∏
l=1
tlul
By using similar process for the previous cases of integral forms of y1(x) and y2(x), the integral
form of sub-power series expansion of y3(x) is
y3(x) = c0xν
∫ 1
0
dt3 t
1
4+
ν
2
3
∫ 1
0
du3 u
1
2+
ν
2
3 I0
(
2
√
η(1 − t3)(1 − u3)
)
×
(
w
−(1+ ν2 )
3,3
(
w3,3∂w3,3
)2
w
1+ ν2
3,3 −
1
42
(λ + 2q)
)
×
∫ 1
0
dt2 t
− 14+ ν2
2
∫ 1
0
du2 u
ν
2
2 I0
(
2
√
w3,3(1 − t2)(1 − u2)
)
×
(
w
−( 12+ ν2 )
2,3
(
w2,3∂w2,3
)2
w
1
2+
ν
2
2,3 −
1
42
(λ + 2q)
)
×
∫ 1
0
dt1 t
− 34+ ν2
1
∫ 1
0
du1 u
− 12+ ν2
1 I0
(
2
√
w2,3(1 − t1)(1 − u1)
)
×
(
w
− ν2
1,3
(
w1,3∂w1,3
)2
w
ν
2
1,3 −
1
42
(λ + 2q)
)
×
{ ∞∑
i0=0
1
(1 + ν2 )i0 ( 34 + ν2 )i0
w
i0
1,3
}
x3 (23)
where
w3,3 = η
3∏
l=3
tlul w2,3 = η
3∏
l=2
tlul w1,3 = η
3∏
l=1
tlul
By repeating this process for all higher terms of integral forms of sub-summation ym(x) terms
where m ≥ 4, we obtain every integral forms of ym(x) terms. Since we substitute (19a), (20),
(22), (23) and including all integral forms of ym(x) terms where m ≥ 4 into (18), we obtain (16).

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Put c0 = 1 and ν = 0 in (16).
y(x) = MF
(
q, λ; x = cos2z, η =
1
4
qx2
)
=
∞∑
i0=0
1
(1)i0( 34 )i0
ηi0 +
∞∑
n=1

n−1∏
k=0
{∫ 1
0
dtn−k t
− 54+ 12 (n−k)
n−k
∫ 1
0
dun−k u
−1+ 12 (n−k)
n−k
×I0
(
2
√
wn+1−k,n(1 − tn−k)(1 − un−k)
)
(24)
×
(
w
− 12 (n−1−k)
n−k,n
(
wn−k,n∂wn−k,n
)2
w
1
2 (n−1−k)
n−k,n −
1
42
(λ + 2q)
)} ∞∑
i0=0
1
(1)i0( 34 )i0
w
i0
1,n
 xn
replaced α and x by − 14 and 2
√
η in (13).
I− 14
(
2√η) = η−
1
8
Γ( 34 )
∞∑
l=0
1
l! ( 34 )l
ηl =
η−
1
8
Γ( 12 )Γ( 14 )
∫ 1
−1
dv0 (1 − v20)−
3
4 exp
(−2√η v0) (25)
Similarly,
I− 14
(
2√w1,n
)
=
w
− 18
1,n
Γ( 34 )
∞∑
l=0
1
l! ( 34 )l
wl1,n =
w
− 18
1,n
Γ( 12 )Γ( 14 )
∫ 1
−1
dv0 (1 − v20)−
3
4 exp
(
−2√w1,n v0
)
(26)
Substitute (25) and (26) into (24).
Remark 3. The integral representation of Mathieu equation of the first kind for infinite series
about x = 0 using 3TRF is given by
y(x) = MF
(
q, λ; x = cos2z, η =
1
4
qx2
)
= Γ (3/4)
{
η
1
8 I− 14
(
2√η) +
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
− 54+ 12 (n−k)
n−k
∫ 1
0
dun−k u
−1+ 12 (n−k)
n−k
×I0
(
2
√
wn+1−k,n(1 − tn−k)(1 − un−k)
)
×
(
w
− 12 (n−1−k)
n−k,n
(
wn−k,n∂wn−k,n
)2
w
1
2 (n−1−k)
n−k,n −
1
42
(λ + 2q)
)}
w
1
8
1,nI− 14
(
2√w1,n
) }
xn
}
(27)
Put c0 = 1 and ν = 12 in (16).
y(x) = MS
(
q, λ; x = cos2z, η =
1
4
qx2
)
= x
1
2
{ ∞∑
i0=0
1
( 54 )i0 (1)i0
ηi0 +
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
−1+ 12 (n−k)
n−k
∫ 1
0
dun−k u
− 34+ 12 (n−k)
n−k
×I0
(
2
√
wn+1−k,n(1 − tn−k)(1 − un−k)
)
(28)
×
(
w
− 12 (n−k− 12 )
n−k,n
(
wn−k,n∂wn−k,n
)2
w
1
2 (n−k− 12 )
n−k,n −
1
42
(λ + 2q)
)} ∞∑
i0=0
1
( 54 )i0 (1)i0
w
i0
1,n
}
xn
}
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replaced α and x by 14 and 2
√
η in (13).
I 1
4
(
2√η) = η
1
8
Γ( 54 )
∞∑
l=0
1
l! ( 54 )l
ηl =
η
1
8
Γ( 12 )Γ( 34 )
∫ 1
−1
dv0 (1 − v20)−
1
4 exp
(−2√η v0) (29)
Similarly,
I 1
4
(
2√w1,n
)
=
w
1
8
1,n
Γ( 54 )
∞∑
l=0
1
l! ( 54 )l
wl1,n =
w
1
8
1,n
Γ( 12 )Γ( 34 )
∫ 1
−1
dv0 (1 − v20)−
1
4 exp
(
−2√w1,n v0
)
(30)
Substitute (29) and (30) into (28).
Remark 4. The integral representation of Mathieu equation of the second kind for infinite series
about x = 0 using 3TRF is given by
y(x) = MS
(
q, λ; x = cos2z, η =
1
4
qx2
)
= Γ(5/4)x 12
{
η−
1
8 I 1
4
(
2√η) +
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
−1+ 12 (n−k)
n−k
∫ 1
0
dun−k u
− 34+ 12 (n−k)
n−k
×I0
(
2
√
wn+1−k,n(1 − tn−k)(1 − un−k)
)
(31)
×
(
w
− 12 (n−k− 12 )
n−k,n
(
wn−k,n∂wn−k,n
)2
w
1
2 (n−k− 12 )
n−k,n −
1
42
(λ + 2q)
)}
w
− 18
1,n I 14
(
2√w1,n
) }
xn
}
As we see (27) and (31), modified Bessel function recurs in each of sub-integral forms. We can
transform the Mathieu function from these integral forms to other well-known special functions:
Kummer function, Legendre function, Hypergeometric function, Laguerre function etc.
4. Asymptotic behavior of the function y(x) and the boundary condition for x = cos2 z for
infinite series
As n ≫ 1 (for sufficiently large), (5a) and (5b) are
lim
n≫1
An = A = 1 (32a)
And,
lim
n≫1
Bn = B =
q
n2
(32b)
As n ≫ 1, (32b) is extremely smaller than (32a). Put (32a) with Bn = 0 into (4).
cn+1 = cn (33)
Plug (33) into the power series expansion where ∑∞n=0 cnxn, putting c0 = 1 for simplicity.
lim
n≫1
y(x) = 1
1 − x where 0 ≤ x < 1 (34)
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For being convergent of y(x) in (34), an independent variable x = cos2 z should be less than
1. In general, in various areas of the modern physics, we require that a function y(x) should
be convergent at x = 1. Mathieu polynomial which make An term terminated merely makes
possible that a y(x) is convergent at x = 1, and its formal series solutions are available in chapter
7 of Ref.[32].
I show the power series expansion in closed forms of Mathieu equation for infinite series in
this paper analytically. Also, I derive integral forms of the Mathieu function from its power se-
ries expansion. It is quiet important that a modified Bessel function recurs in each of sub-integral
forms of the Mathieu function, because we can investigate how this function is associated with
other well known special functions such as Bessel, Kummer, hypergeometric and Laguerre func-
tions, etc. In future papers I will derive the Mathieu function for polynomial which makes An
term terminated by using similar methods what I do in this paper: (1) power series expansion in
closed forms, (2) its integral representation and (3) its generating function. And I will construct
orthogonal relations of the Mathieu polynomial, normalized physical factors and expectation
values of any physical quantities from the generating function for the Mathieu polynomial ana-
lytically.
5. Application
1. By using the methods on the above, we can apply the power series expansion of Mathieu
equation and its integral forms into various modern physics areas.[1, 2, 3, 4, 5, 6, 7, 8] For exam-
ple, in general Mathieu equation arises from two-dimensional vibrational problems in elliptical
coordinates with physical points of a view[15]. Its equation is derived from the Helmholtz equa-
tion in elliptic cylinder coordinates by using the method of separation of variables (see (5)-(7) in
p.610 in Ref.[15]). Using the power series expansion of Mathieu equation, it might be possible
to obtain specific eigenvalues for the wave equation in vibrational systems. The normalized con-
stant for wave functions and its expectation values for the entire region might be also possible to
be constructed by applying the generating function for the Mathieu polynomial which makes An
term terminated.3
2. In “Examples of Heun and Mathieu functions as solutions of wave equations in curved
spaces”[16], “Dirac equation in the background of the Nutku helicoid metric”[17], two authors
consider the Dirac equation in the background of the Nutku helicoid metric in five dimen-
sions. They obtain solutions for the four different components by using the Newman-Penrose
formalism[18](see (8a)-(8d) Ref.[17]). And they separate uncoupled equations for the lower
components into two ordinary differential equations: angular equation is of the Mathieu type and
radial equation is of the double confluent form which can be reduced to the Mathieu equation
(see (11), (13) Ref.[17]). Using power series expansion and its integral representation of Math-
ieu equation, it might be possible to obtain eigenvalues and normalized wave functions at various
regions.4
3several authors treat the solution of Mathieu equation as an polynomial. In future papers I will construct the Mathieu
function for polynomial which makes An term terminated. Indeed, the generating function of it will be derived in
mathematical rigour. In this paper I show analytic solutions of Mathieu equation for infinite series
4In the future I will construct analytic solutions of the Mathieu polynomial and its eigenvalues of these two problems.
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6. Series “Special functions and three term recurrence formula (3TRF)”
This paper is 5th out of 10.
1. “Approximative solution of the spin free Hamiltonian involving only scalar potential for
the q − q¯ system” [22] - In order to solve the spin-free Hamiltonian with light quark masses we
are led to develop a totally new kind of special function theory in mathematics that generalize all
existing theories of confluent hypergeometric types. We call it the Grand Confluent Hypergeo-
metric Function. Our new solution produces previously unknown extra hidden quantum numbers
relevant for description of supersymmetry and for generating new mass formulas.
2. “Generalization of the three-term recurrence formula and its applications” [23] - General-
ize three term recurrence formula in linear differential equation. Obtain the exact solution of the
three term recurrence for polynomials and infinite series.
3. “The analytic solution for the power series expansion of Heun function” [24] - Apply three
term recurrence formula to the power series expansion in closed forms of Heun function (infinite
series and polynomials) including all higher terms of Ans.
4. “Asymptotic behavior of Heun function and its integral formalism”, [25] - Apply three
term recurrence formula, derive the integral formalism, and analyze the asymptotic behavior of
Heun function (including all higher terms of Ans).
5. “The power series expansion of Mathieu function and its integral formalism”, [26] - Apply
three term recurrence formula, analyze the power series expansion of Mathieu function and its
integral forms.
6. “Lame equation in the algebraic form” [27] - Applying three term recurrence formula,
analyze the power series expansion of Lame function in the algebraic form and its integral forms.
7. “Power series and integral forms of Lame equation in Weierstrass’s form and its asymptotic
behaviors” [28] - Applying three term recurrence formula, derive the power series expansion of
Lame function in Weierstrass’s form and its integral forms.
8. “The generating functions of Lame equation in Weierstrass’s form” [29] - Derive the
generating functions of Lame function in Weierstrass’s form (including all higher terms of An’s).
Apply integral forms of Lame functions in Weierstrass’s form.
9. “Analytic solution for grand confluent hypergeometric function” [30] - Apply three term
recurrence formula, and formulate the exact analytic solution of grand confluent hypergeometric
function (including all higher terms of An’s). Replacing µ and εω by 1 and −q, transforms the
grand confluent hypergeometric function into Biconfluent Heun function.
10. “The integral formalism and the generating function of grand confluent hypergeometric
function” [31] - Apply three term recurrence formula, and construct an integral formalism and
a generating function of grand confluent hypergeometric function (including all higher terms of
An’s).
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